Superposition of Harmonic Waves

We have seen that in vibration inertia and elasticity are localized, while in wave motion they are
distributed. String constitutes a remarkable class by themselves in the sense that it is a vibrator and
in the same time a medium for wave propagation. Therefore, the theoretical study of its behaviour is
very important.

Strings also have point of much practical interest. In the world of music, stringed instruments play a
very important role. Musical sound is produced in them by transverse vibration of strings kept under
tension. A point of a string is displaced from its point of rest by plucking, strucking or bowing. The
string then vibrates either as a whole or in segments producing musical note of definite pitch and
quality. Theoretically a string is defined as ‘a perfectly uniform and perfectly flexible filament of solid
matter stretched between two fixed points. Therefore, string is an ideal body which is never realised
in practice but closely approximated to by most of the strings employed in musical instruments. The
actual string always possesses some amount of rigidity, the effect of which diminishes as its length
to diameter ratio increases. The transverse vibration of the ideal string is affected by tension only
and not by rigidity.

Transverse waves on a string:

A string under tension resists any tendency to displace any point on it from its position of rest. This
resistance supplies the restoring force when the displacement occurs. If a point on a long thin
stretched string is displaced at right angles to its length and then released, the point begin to
vibrate, and starts a twin displacement wave on either side of it which travel along the string. These
waves are reflected from the fixed ends and interfere with the incident waves and forms stationary
wave pattern. The string then vibrates in a manner determined by the mode of excitation, the
frequency depending on its length, tension and mass per unit length as also the mode of vibration.

Velocity of transverse waves along a string:

-
B
A sl :
| i

. G N &x B b

Let ab represents a stretched undisplaced string, and AB represents a portion of it in displaced
condition. The amplitude of displacement is supposed to be small. Let us take X-axis along the length
of the string and Y-axis in the direction of displacement, which is perpendicular to X-axis.

As the string is perfectly flexible, the tension T will be the same throughout the string and acts
tangentially at every point on AB. Let the tangent at A make an angle 6 with ab. As 8 is very small,
the transverse component of the tension 7 (j.e. along AA’) will be

TSinH:TtanézTa—y.
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So, the component of tension at B along B’B will be
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Therefore, the net force tending to displace AB is
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This force must be equal to mass x acceleration.
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where ¢ = ,|— is the wave velocity of the transverse wave in the string. This velocity is
m

independent of the frequency and also the amplitude of vibration (assumed to be small).

Stationary or standing waves:

An interesting and very important type of motion (vibration) is set up in a medium when two
progressive waves of the same frequency moving in opposite directions in a medium are
superposed. Such vibrations are known as stationary or standing waves. This type of motion occurs
when the medium is limited in extent and waves are generated in it. The outgoing waves are
reflected at the boundary, and the incident and reflected wave systems by their superposition form
the stationary wave pattern.

Case |: Waves of equal amplitude:

Let the two waves moving in opposite directions be represented by
& =aSin(wt —kx) and &, = aSin(wt + kx)

where &, &, are the particle displacements due to the two waves.

The resultant displacement is given by

E=¢& +&, = aSin(wt — kx) + aSin(wt + kx)
=2aCoskxSinot = ASinot



where 4 =2aCoskx .

This represents a simple harmonic motion of the same frequency @ as the waves, but of amplitude
A =2aCoskx , which depends on the position x of the particle. It is not a progressive wave as the
final expression of the phase angle does not contain both x and ¢.

The amplitude A =2aCoskx changes as x changes. When Coskx =0, then 4=0. This happens
when

kx:27ﬂxz(2n—1)% where n=1,2,3,......etc.
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Such points, where the amplitude of displacement is zero, are called displacement nodes (marked as

A
N in the figure). We can see that the distance between two successive nodes is 5 .

When Coskx = 1, the amplitude is a maximum and has the value 2a . This happens when
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These points of maximum amplitude are called displacement antinodes (marked as A in the figure).

A
The distance between two successive antinodes is too 5 . The distance between a node and its

A
nearest antinode is Z . The section between two neighbouring nodes is called a loop.

If through one nodal distance the amplitude is positive, in the next one it becomes negative and
vice-versa. Hence the vibration is in reverse direction after each node. Since & = ASinwt , the phase

of vibration remains the same until A4 changes sign. Thus, from one node to the next node the
vibrations are in the same phase with changing amplitude; there is an abrupt change of phase by 7
in the vibrations throughout the next node. Thus, the neighbouring loops vibrate in opposite phases
(see fig). With increasing ¢, Sinwt passes through all possible values from +1 to -1 including 0. When
Sinwt =0, £ =0i.e. displacement of all particles are zero i.e. all particles are momentarily in their

2
undisplaced positions. This occurs twice during each vibration. The period of vibrationis 7= —.
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Case-ll: Waves of unequal amplitude:

If the plane waves are reflected from a yielding boundary, the reflected waves will have amplitude
smaller than the incident waves. The superposition of the two wave systems will form a stationary
wave pattern in which there will be some motion at the nodes.

Let the incident wave system be represented by &, = aSin(wt — kx) and the reflected wave system

be represented by &, = bSin(wt + kx), where a > b.

The resultant displacement is

& =& +&, =aSin(wt — kx)+ bSin(wt + kx)
= (a+b)CoskxSinwt — (a — b)SinkxCoswt
This equation represents two sets of stationary waves, both having the same frequency @ as the
T
waves and having phase difference of 5 The amplitude varies from point to point and are gives by

(a+b)Coskx for one and (a —b)Sinkx for the other.

atrh  a-b
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(a+b)Coskx has maxima at x = nz where n=0,1,2,3....... etc and the values of these maxima are

all (a+b).The amplitude of the second vibration at these places is zero.



are all (a—>b) . At these points amplitude due to the first vibration is zero.

We thus see that in the resultant vibration, there are alternate planes of maximum and minimum
vibration (see the figure), the ratio of amplitudesis (a+b): (a—>b).

Stationary wave in a vibrating string:
(a) Stationary wave in a string fixed at both ends:

The differential wave equation of transverse wave in a string is given by
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Solution of this equation can be written as

y(x,t) = (ACoskx + BSinkx)(CCos@t + DSI@L) .......ccovvevreiiniaieinannn. (1)

Since the string is fixed at x =0and x =/, there will be no displacement at these points for all
times. Thus

V(0,6) =0 e (a)

and V(L) =0 oo (b)

Now, applying boundary condition (a) in eq. (1), we have

1(0,¢) =0 = A(CCoswt + DSinwt)

L A=0

2o y(x,t) = BSinkx(CCos@t + DSInwt) .........oceeevevevnnnnnn. (2)
Now, applying boundary condition (b) in eq. (2), we have

y(l,t) =0 = BSinkl(CCosawt + DSinwt)

2 Sinkl =0 [ B=0o0r CCoswt + DSinwt = 0 will make displacement zero for all times. These
solutions are trivial and the string does not move at all which we do not want. ]

. Sinkl = Sinnz , where nis an integer
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RN ONES T,a)2 = T,a)3 = T, ..... etc.Only such values of @ are possible.

The solution can now be written as

nrct . nrct
+ D, Sin

V, = BnSianx(CnCos ) e (4)

Here subscript # has been included, as @ can have an infinite set of values characterized by integral
values of ..

The coefficients and displacements for different 7 values are generally different. Equation (4) can be

written as

y,= Sin@(anCos n7§ct +b,Sin n7;ct) ..................................... (5)

Here a, = B,C, and b, = B D, are new single constants.

The general solution is given by

nrct nrct nwx
+b,Sin 7 )SinT

y(x,t)= i (a,Cos

n=1

X

C

= Z (a,Cosw,t+b,Sinw,t)Sin
n=1

This equation can also be written as

ys0) =3, Sin "7 Cos("E )

S (7)
= chSin%Cos(a)nt -9,
c

n=1

. b
where a, =c,Cos@, and b, =c,Sing, i.e. ¢, =\/a,’ +b and tang, =a—".

n

Thus, in the n-th mode, an element dx of the string vibrates simple harmonically with amplitude

n

c

c,Sin and angular frequency @, .



(b) Stationary wave in a string free at both ends:
Displacement of any point of the string is given by

v(x,t) = (ACoskx + BSinkx)(CCos®t + DSIR@L) .......ccoeerreiinenien, (1)

Since the string is free at both ends x =0 and x =/, displacements are maximum and strains are
zero at these positions.

.-.a—yzo at x=0and x=1.
ox
Now, Z—y = (—ASinkx + BCoskx)k(CCos®t + DSinwt) .........ccocouvvevennennne. (2)
X

Now, applying the first boundary condition, we get

‘2_y — 0= —Bk(CCoswt + DSinwt)
X

~B=0

Therefore, the eq. (1) and eq. (2) become

V(x,t) = ACoskx(CCoS@t + DSINDL) ....coeeueuevreiireiisneine, (3)
oy ) .
and P = —AkSinkx(CCos@t + DSINDL) .......ocevneiirciinrcieen, (4)
X

Now, we apply the second boundary condition in eq. (4) and get

2_)/ =0 =—AkSinkl(CCoswt + DSinwt)
2%

- Sinkl =0

-kl =nrx , where nis an integer.
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The solution can now be written as

nrwct . nrct
+ D, Sin

Y, = AnCosnlﬂ(CnCos )

Here subscript 7 has been included, as @ can have an infinite set of values characterized by integral

values of .

Y, = Cosg(anCos m?Ct +b,Sin n;;ct) ..................................... (5)

Here a, = A C, and b, = A D, are new single constants.

The general solution is given by

> nrct nrct nwx
y(x,t)= Z(anCos +b,Sin )COST
T (6)
w X
= Z (a,Cosw,t+b,Sinw,t)Cos ——
n=1 C
This equation can also be written as
> nwx nrct
y(x.0= Y ¢,Cos ™= Cos(=~4,)
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c

n=l1

b
where a, =c,Cos@, and b, =c,Sing, i.e. ¢, =+/a,’ +b and tang, = .
a

n

Thus, in the n-th mode, an element dx of the string vibrates simple harmonically with amplitude

n

c

c,Cos and angular frequency o, .

Characteristic frequencies:

The characteristic frequencies with which a string stretched between two rigid supports at x=0and
x = [ vibrates are given by

o,
The frequency f, of the n-th mode of vibrationis f, = 5 L
r
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where nis an integer.

The lowest frequency corresponds to n =1, and is called the fundamental frequency. It has the
value

1 |T
h=o-

21 \'m
Since wavelength=velocity/frequency, the wavelength A in this case is 2/ . Other frequencies are
integral multiples of this value and the wavelength n times shorter.

Modes of vibration of a string fixed at both ends:

The characteristic frequencies of a string can also be derived from simple physical considerations. As
soon as a point of the string is disturbed, two waves of same amplitude, both moving with the same

T
velocity ¢ =,|—, start from the point towards the ends. Since the string is rigidly fixed at both ends,
m

no displacement can occur there and the displacement waves are fully reflected from the ends. The
superposition of two identical but moving in opposite direction wave trains produces a stationary
wave system of the same frequency as the component waves. As both ends are rigidly fixed and no
displacement can occur there, two nodes will be created at the ends. Only those modes of vibration
persist which produce nodes at two ends. As there may be any number of nodes in between, various
wavelengths, and hence frequencies of vibration, are possible.
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If [ be the length of the string then the simplest mode of vibration occurs when the string vibrates

A

as a whole (top one in the figure). Then, [ = B i.e. 4, =2/, where 4, is the longest possible

wavelength. Next mode of vibration occurs when the string vibrates in two segments (second from

top). The corresponding wavelength is A, =/ . In the third mode, the string vibrates in three

A

21
segments such that / = 3? and the corresponding wavelength is A, = ? In the next mode of

[

A
vibration, the string vibrates in four segments and / = 474 ie. 4, =—.

Since velocity = frequency x wavelength, the corresponding frequencies are given by
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The string is therefore capable of emitting a full harmonic series, i.e. a fundamental ( f,) and all its

multiples. When the string vibrates in one segment, the frequency emitted by it under a given
tension is the lowest and the note is called the fundamental. When it vibrates in two segments, the
frequency is doubled and the corresponding note is called second harmonic or first overtone. In the
third mode of vibration the frequency is thrice that of the fundamental and the note is called third
harmonic or second overtone, and so on. In general, if the string vibrates in n segments then the
frequency of vibration is n times that of the fundamental and the corresponding note is the n-th
harmonic.

A vibrating string represents a stationary wave:

When any portion of a stretched string is disturbed transversely, the disturbance travels along the
string satisfying the differential wave equation given by

O’y  ,0%
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ot* ox’

The general solution of this equation is of the form
(x.0) = F (et —x) + Fy(ct +x)

Where F| and F, are two arbitrary functions. Assuming the functions to be simple harmonic, we

may write
y(x,t) = a,Sin(ot + kx) + a,Sin(wt — kx)
Two terms represent oppositely moving waves of amplitudes a, and a,. The waves are subject to

the boundary conditions that the value of displacement y at the two ends must be zero at all times,

since the string is fixed at the ends.



At x=0, y=a,Sinwt + a,Sinwt = 0 for all values of t.

1
This gives a, = —a, = EC (say)

Ly= %CSin(a)t + kx) —%CSin(a)t — kx)
At x=1[,we have
I ... |
y= ECSm(a)t + k) —ECSm(a)t —kl)=0 forall t.

- y=CSinklCoswt =0 for all t.

Hence, we must have

kl = nm , where n is an integer.
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The values of £ depends on n . Imposition of boundary conditions allows only certain values of
frequency. The value of C will, in general, also depend on 7.
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1 1
= =CSin(w,t +——)—=CSin(w,t ———

=C SinkxCoso,t = CnSinﬂCosa)nt

LY, = CnSinm;—xCos n7;ct

This equation gives the displacement of the string at point x and time ¢ when it is vibrating in its n-
th mode. The vibration is due to the superposition of the two oppositely moving waves

1 1
ECSin(a)nt+nlﬂ) and ECSin(a)nt—nlﬂ) where @, :?. The amplitude CnSin@ of the

. . . . . . . nwtx 1w

resultant vibration varies with position x, and reaches a maximum (anti-node) when —— = 5 or
_ nwx l o

x =— and minimum (zero value, node) when —— =7 or x =—. At x =0, itis always zero. In

2n / n



the n-th mode the string then vibrates in n segments. The neighbouring segments are in opposite
phases i.e. when one segment moves up, the neighbouring segment moves down.

The value of C, depends on the energy with which the motion is initiated.

The string has natural frequencies of value @, and is maintained in vibration by waves of frequency

0]

Values of coefficients a, and b, :
The displacement of any portion of a vibrating string is given by

nrct nmwx

)S I’ZT ............................. (1)

y(x,t)= Z(anCos nrcl +b,Sin
n=1

At initial time of vibration (t=0) eq. (1) becomes
y(x,0)= ZanSm n7lrx ................................. (2)

Differentiating eq. (1) with respect to time t, we get

< +b,Cos ”’; < ”’; e 3)

[

) ~ . n
y(x,t) = Z(—anSzn
n=1
At the initial time of vibration eq. (3) becomes

$(x,0) = Zb e ”lﬂ .................................. (4)

murx
Multiplying equations (2) and (4) by Sin

and integrating between the limits x=0and x =1,

we get

[

'[ y(x,O)Sin Xy = I Za SmﬂSm m;rx AX i (5)

x=0 x=0 n=1

l

[ 9(x, 0)Sin 27X gy = j Zb 1 X i L G e (6)

x=0 x=0 n=1

. nwTx . Mmrx
Now, since I SmTSm
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dx =0for m#n
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Equations (5) and (6) become
a —Ej (x O)Sin@dx (7)
"= xzoy , J O s

2 ¢ . NTX

b, =— I V(X,0)Sin——dX oo (8)
nwe 2, /

Energy of a vibrating string:

Let us consider a uniform stretched string of length [, mass per unit length m , under tension T and
fixed at both endsi.e. x=0and x =/ . We also assume that a transverse vibration has been set up in
the string.

Its general displacement formula is given by

y(x,t) = Z(anCos nrcl +b,Sin nﬁCt)S nnlﬂ
n=1
zc Sin mlzx Co (nﬂct _¢n)
= Z (t)SlnmlT—x

=
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where a, =c,Cos@, and b, =c,Sing, i.e. ¢, =y/a,’ +b and tang, =, and
a
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+b,

w ()= (a,Cos™

Kinetic energy:

Now, velocity at any instant is given by
3(x0) = Zw (0)Sin™

Let us consider an element of length Sx of the string. Its kinetic energy at any instant t is

1

O, = (mdxN) =2 (m6x)3 >, (0Sin ™, (1)Sin™

n=1 m=1



.. Total kinetic energy of the string is given by

nwx mmrx

= —mzz% (tw,, () J. Sin —Szn de
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where M = ml is the total mass of the string.

Potential energy:

,Wwhere

mn

The potential energy may be calculated in the following way:

=1for m=nando,,

2

2

=0form#n
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If we displace the element further by distance 0y, work done is OW = (Ta—J;5x)5y . Total work
X

done in displacing the element by y is stored in the string as potential energy and is given by

y

P

0’y
T P ox)dy .
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.. Potential energy of the whole string is
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Now, y(x,t)= > v, (z)Sm”lﬂ
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.. Total energy of the whole string is given by

E=E +E,

n=1

=72{[w,,<t)] Iy, ()] (””C) }

nrxct

Now, v, (1) = (a, Cos 7L 1 b sin "<y

nrct nrwc
) /

v () = (—a,SinZL 4 b Cos
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.. Total energy of the string at any instant t is
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Thus, we see that the total energy of the string is independent of time i.e. total energy is conserved.

Normal coordinates of a string:

0

M .
The expression E = Tz {[v, (O +[y,(H))®,’} for total energy shows that it is made up of a

n=1
sum of terms each of which relates to one mode only. Here y, (¢) is called the normal coordinate of
a vibrating string. A string may be built up of an infinite number of particle oscillators which are
strongly coupled together. So it will have an infinite number of modes of vibration and an infinite

number of normal coordinates. The infinite number of @, and y, values are the normal

frequencies and normal coordinates of the coupled vibration of the string.
Actual vibration of a string:

It is very difficult to excite only one of the many modes of vibrations. The best way of doing it is by
resonance with the appropriate frequency.

In general, when we excite a string by plucking or striking or bowing, its vibration is composed of
several of the various possible modes of vibration. One particular mode may be predominant, but
there will be several other modes of which the string is capable to vibrate under the conditions of
excitation. The quality of the emitted note depends on the particular harmonics present and their
relative amplitudes.

In a complex mode of vibration, the motion of any point on the string is the resultant of all the
motions present appropriate to the component modes present. In the figure below, we have shown
a string vibrating with the fundamental and the first overtone. The string vibrates with a node at the
centre, with frequency 2 f, it also moves ups and down with the fundamental frequency f and a

node at each end.

The modes which may be present in a given case are determined by the method of excitation. If a

1
string is pulled up at a point — of its length from one end, where p is an integer, no modes of

vibration can be present for which the given point is a node. Hence, if f be the fundamental
frequency, none of the vibrations can be present for which the frequency is the integral multiple of
pf - Thatis, the p-th, 2p-th, 3p etc. harmonics will absent. Thus plucking in the middle will

remove all the even harmonics.

Suppose the vibrating string is touched at some other point with a light object such as a feather or a
folded paper. This will restrict all vibrations except those which have nodes at the point touched. For
example, a string originally touched at the middle. This will keep all the odd harmonics i.e. 1%, 3"



5™ 7" etc. In addition, if the string is touched at one third of the length, only the 3, 9™ 15, 21
etc., harmonics will remain.

Young-Helmholtz law:

Young-Helmholtz law states that when any point of the stretched string is plucked, strucked or
bowed, all overtones requiring that point for a node, will be absent in the vibration.

Plucked string:

Let us consider a string of length /, mass per unit length m , fixed at two endi.e.at x=0 and x=/.
The string is stretched at a tension T". So the equation of motion for transverse vibration of the
string is

The solution for general displacement is

nrct . nmet, . NwTXx
+b,Sin 7 )SmT

y(x,t) = i(anCos

n=1

If the string is excited by plucking i.e. the string is given an initial displacement which is maximum at
X = a, the initial displacement at that point is y =/ and the string is released i.e. initial velocity is

Zero eve rywhere.

Hence, at =0 the displacement at any point is
h

y(x,0)=—x for0<x<a
a

=L(Z—x) fora<x</



Now,
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Again, b, = 2 j #(x,008in =2 dx =0 [ 3(x,0)=0].
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Thus the formula for general displacement becomes

y(6.0) =Y (a,Cos ”’; b, Sin ”’; “\Sin ”’l’ al

n=1

0 2
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So the displacement for the 7 -th harmonic is



2h1* 1 .. nma .. nrx nrct

x,t)=——Sin Sin Cos
Ya(%0) a(l—a)n’* n’ [ [ [
_ iz Sin nra Sin nrx Cos nrct
n / /
2
where 4 = LZ is the same for all modes.
a(l-a)

1
Thus the maximum amplitude for the 7 -th mode is proportional to — i.e. the amplitude of higher
n
harmonics falls off rapidly.
Position of nodes:

At the position of the nodes, y =0 for all time t.

Sin”lﬂ —0

_nmXx

n

=mm , where m is a positive integer.

ml m
- x, =—,provided—<1.
n n

Missing modes:

1 . nra . nrw n
If a=—1[,where g is an integer, we shall have, Sin—— = Sin— . So, when —=p ,i.e. n= pq,
q q
. nma . nrw ) . nwa | .
where p is an integer, then Sin—— = Sin— = Sinpz =0, i.e. the term SmT will vanish.
q

This means disappearance of components of vibration for which n = pqg (i.e. n=¢q,2q,3q,etc.). If

g =2 i.e. the string is plucked at the middle of it, then the 2", 4™, 6™,8" etc., in fact all even

1
harmonics will be absent. Note that, these harmonics have a node at a =—/ . Hence the statement

q
is “In case of a plucked string, harmonics which have a node at the point of plucking will be absent”.
This is known as Young's law.



