Bessel Equation

Bessel functions are named after the German astronomer Friedrich Wilhelm Bessel, who
studied them in 1817. The following differential equation is known as the Bessel Differential
Equation :

X2 d?y/dx? + x dy/dx + (x* —a?) y =0 ----- (1)
Dividing by x?, the equation may be re-written as :

d?y/dx? + (1/X) dy/dx + (1 — a?/x?) y =0, ---- (2)
which shows that the coefficient of dy/dx has a simple pole and that of y has a second order pole
at x = 0. This is a regular singular point, hence we can apply Frobenius’ method (named after
the German mathematician Ferdinand Georg Frobenius) to solve this differential equation
about x = 0.
So, we can expect a solution of the form :
y=XCoX"**= dyldx=X (n+5s) Cox"*51

= dy/dx®=Z(n+s)(n+s—1) Chx"*52
Substituting in the differential equation (2) :
TM+s)(N+s—1)CaX"" 2+ (N+8) CaX""5 2+ Cr X" —a2Z Cpx"*5°2 = 0
= X[(N+8)?—0?] CaX" "5 24+ T CpX"*S= 0 ----- (3)
Since this is an identity, the coefficient of each power of x must separately vanish.
Equating the coefficient of the lowest power of X, i.e., x*~% — 0, we have :

= [$?-a?]Co =0 = s=+aq,0r, Co=0 ---- (4)
Similarly, equating the coefficient of x*-* — 0, we have :
= [+1)%-0%Ci=0 = s=+ta-10r Ci=0 - (5)

Fors=q,
our egn. (3) reduces to :
TN+ o)?—a?]Ca X"t 2+ Cyx"te= 0
= In(N+20) Ca X"T 42 = — X Cy X"t - (6)

Equating the coefficient of x™** — 0, we have :

(M+2)(m+2+2a)Cn+2= — Cn

= Cm+2=-Cn/(M+2)(Mm+2+2a) ----- (7)

Eqgn. (7) is known as the recursion relation, which allows us to express C,, Cj, etc., in terms
of Co. Thus, we obtain :

Co=-Co/2(2+2a) =—Co/[22(1+ a)],

Ci=—-Cola(4+20)=—Co/[22x2x (2+ )]
= Co/[2*x1x2x(1+0a)(2+a)]
Co=—-Cs/6(6+20)= —Ca/[22x3x (3+0a)]

= — Co/[2°x1x2x3x(1+a)(2+a)(3+a)], etc.
Con= (" Co/[22"xn!Ix(1+a)(2+a)---(n+a)],
For integral valuesof a: 1/[(1 +a) 2+ ) -- - (n+ a)]
=1x2x o/ [Ix2%x--rax(l+a)2+a) - (n+ )]
=a!/(n+a)!
= Cmn="a!Co/2"xn!I (N+a)!




For non-integral values of o :
We knowthat: I'(h+a+1l)=n+o)I(n+a)= (n+a)(N+a-1)I'(n+a-1)
=(n+a)(n+ta-1) ---2+a) 1+a)(a+1l)
= l+o)22+a)---(n+ta)=T(n+a+1)/T(a+1l)
=C;n=()"T(a+1)Co/22"xnIT(n+a+1)
So, the solutionfors=a is :

Y1 =2 Con X" 0= X% % Con X2 = Cox* ['(a+1) T (D" [L/n!' T'(n + . +1)] (x/2)*"

The constant I'(a+1) may be absorbed in Co, so that y: may be written as :
y1=Co'x* T ()" [1/n! T(n + o +1)] (x/2)*"

Another solution may be obtained with the choice s=—qa. :

Just replacing ‘a’ by ‘— a’, we get
Y2=Co" Xx*Z (A" [1/n! T(n — o +1)] (x/2)>"
and the general solution may be writtenasy = yi +y»
Generating Function

The generating function for Bessel function is : G(x, t) = eX/2 (t- 1/t),

which is expanded as : Zn t" Jn(X), where ‘n’ runs from — oo to + o.
G(x, t) may be written as : €¥2e X2 = 3, (xt/2)" /! x Zs (— x/2t)%/s! ,
where both indices ‘r’ and ‘s’ runs from 0 to + co.
S0, G(x, 1) = 2 Zs (X/2)™S x ()" Sx (- 1)¥/rls!
Put:r—-s=n = r+s=n+2s
= G(X, )= Zp Zs (X2)"* B x (1)"x (- 1)¥(n + ) ! s!
= 2 ()" (X2)" Zs (X/2)*x (= 1)%/(n +s) ! s!
Note that ‘n’ runs from — oo to + oo,
By definition, this equals : 2n t" Ju(X). So, equating the coefficient of t" on both sides,
In(X) = (X2)" Zs (X/12)%x (= 1)/(n+5s) !'s!,
which clearly agrees with the expression obtained from solving the differential equation.

Recursion Relations

G(x, 1) = 210 =% " 3(x)
Differentiating both the expressions partially w.r.t. ‘x’ :
Yy (t— 1/t) @2 (=10 = 3 7 3(x)
Replacing the expression [e"/2 (t’”t)] on the LHS again by X, t" Jn(X) :
Yo(t—1Ut) Znt" In(x) = Zpt"In'(X)
= Bt (X)) - B Eat" 1 I(X) = Zht"I(X)



Equating the coefficient of t™ on both sides :
[In-1(¢) = Im+1 ()] = 230’09 - (1)

Starting again from the definition : G(x, t) = @21 =% 1 3.(x),
differentiating both the expressions partially w.r.t. ‘t’ :
Y (1+ 142) @R -1 = 3 ntn-1 3y(x)
Replacing the expression [€¥% ¢~ 0] on the LHS again by Zn t" Ju(X) :
(X/2) (1 + U2 Zn " In(X) = o 0t~ Jn(x)
S (X12) Zn [ 300 + 12 3] = En it L Ja(x)

Equating the coefficient of t™~* on both sides :
(}/2) [Im-1 () +In+21()] = M Im(x)
= [Im-1(X) +Im+1(X)] = 2mM/X) Im(X) ---- (2)
One can also generate the following relations from (1) and (2) :
d/dx {x" Jn(X)} = nx" "1 Jn(X) + X" In'(X)
= X" [(n/X) In(X) + In'(X)]
=X [{In-10 +In+ 1 (M2 + {In-1(X) = In+1(X)}/2 ]
X" JIn-1(X) ---- (3)
—nx " HI(X) + X" J'n(X)
=X "[= (n/X) In(x) +I'a(X)]
=X "1 () + I+ 1 (OH2+ {In-1(X) —In+1(X)}H2]
= =X"In+1(X) - (4)

d/dx {x " Jn(X)}



