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Quantum Chemistry 

 Postulates of Quantum Mechanics:  
1. The properties of a quantum mechanical system are determined by a wave 

function Ψ(x,t) that depends upon the spatial coordinates of the system and 

time, x and t. 

2. The wave function is interpreted as probability amplitude with the square of the 

wave function 𝛹∗(𝑥, 𝑡)𝛹(𝑥, 𝑡) interpreted at the probability density at time t. 

Because of the probabilistic interpretation, the wave function must be 

normalized. 

∫ 𝛹∗(𝑥, 𝑡)𝛹(𝑥, 𝑡) 𝑑𝜏 = 1 

𝑤ℎ𝑒𝑟𝑒 𝑑𝜏 = 𝑑𝑥. 𝑑𝑦. 𝑑𝑧 = 𝑠𝑚𝑎𝑙𝑙 𝑣𝑜𝑙𝑢𝑚𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 

3. The time - independent wavefunctions of a time – independent Hamiltonian are 

found by solving the time – independent Schrodinger equation. 

 
4. If a system is described by the eigen function ψ of an operator A then the value 

measured for the observable property corresponding to A will always be the 
eigen value a, which can be calculated from the eigenvalue equation. 

A ψ = a ψ 

5. The average value of the observable corresponding to operator  is 

given by 

 

 Wave – Particle Duality:  
Wave-particle duality refers to the fundamental property of matter where, at one 

moment it appears like a wave, and yet at another moment it acts like a particle. 

𝑑𝑒 − 𝐵𝑟𝑜𝑔𝑙𝑖𝑒 proposed that just as light shows both wave & particle aspects matter 

also has a dual nature, wave as well as showing particle like behavior.  

From photoelectric effect, energy of photon, 𝐸 = ℎ𝛾 

According to Einstein’s theory, 𝐸 = 𝑚𝑐2 

http://en.wikipedia.org/wiki/Matter
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Comparing two equations,  

ℎ𝛾 = 𝑚𝑐2 

𝑂𝑟,
ℎ𝑐

𝜆
= (𝑚𝑐). 𝑐 

𝑂𝑟, 𝜆 =
ℎ

𝑚𝑐
=

ℎ

𝑃
 

𝑤ℎ𝑒𝑟𝑒, 𝑃 = 𝑚𝑐 = 𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑚 

 So, for a moving particle with mass (𝑚) & velocity(𝑣), we can write,  

𝜆 =
ℎ

𝑚𝑣
=

ℎ

𝑃
 

 From the de-Broglie equation prove that 𝜆 = ℎ
√2𝑚𝑒𝑉

⁄   where V is potential 

difference. 

Let us consider an electron of charge e is accelerated by a potential difference V. 

Then its K.E. will be 𝑒𝑉. Now if velocity of electron is 𝑣 & 𝑚𝑎𝑠𝑠 𝑖𝑠 𝑚, 𝑡ℎ𝑒𝑛 − 

𝐸 =
1

2
𝑚𝑣2 = 𝑒𝑉, 𝑂𝑟, 𝑣 = (

2𝑒𝑉

𝑚
)

1
2  

According to de-Broglie equation,  

𝜆 =
ℎ

𝑚𝑣
=

ℎ

𝑚
(

𝑚

2𝑒𝑉
)

1
2 =

ℎ

√2𝑚𝑒𝑉
 (𝑝𝑟𝑜𝑣𝑒𝑑) 

 Normalization & probability of Wave Function: 

 



Quantum Chemistry (VJRC) 

 

 Page 3 
 

Necessity of Normalization: The normalization of a wave function necessary 

otherwise a wave function can’t be considered as an acceptable wave function. 

Significance: From the normalization of wave function, we can find the probability 

of finding the particle within the given range.  

 Normalize the function 𝑆𝑖𝑛𝑥 in the intervals (0, 𝜋) 

∫ 𝑁2
𝜋

0

𝑆𝑖𝑛2𝑥𝑑𝑥 = 1 

𝑂𝑟,
𝑁2

2
∫ 2𝑆𝑖𝑛2𝑥𝑑𝑥 = 1

𝜋

0

 

𝑂𝑟,
𝑁2

2
∫ (1 − 𝐶𝑜𝑠2𝑥)𝑑𝑥 = 1

𝜋

0

 

𝑂𝑟,
𝑁2

2
[|𝑥|0

𝜋 −
1

2
| 𝑆𝑖𝑛2𝑥|0

𝜋] = 1 

𝑂𝑟,
𝑁2

2
(𝜋 −

1

2
 𝑆𝑖𝑛2𝜋) = 1 

𝑂𝑟,
𝑁2

2
(𝜋 − 0) = 1 (𝑠𝑖𝑛𝑐𝑒 𝑆𝑖𝑛2𝜋 = 0) 

𝑂𝑟, 𝑁 = ±√
2

𝜋
(𝐴𝑛𝑠. )   

 Normalize the function 𝐶𝑜𝑠
𝑛𝜋𝑥

𝑎
 in the intervals (−𝑎 ≤ 𝑥 ≤ +𝑎) 

 ∫ 𝑁2
+𝑎

−𝑎

𝐶𝑜𝑠2
𝑛𝜋𝑥

𝑎
𝑑𝑥 = 1 

𝑂𝑟,
𝑁2

2
∫ (1 + 𝐶𝑜𝑠

2𝑛𝜋𝑥

𝑎
)𝑑𝑥 = 1

+𝑎

−𝑎

 

𝑂𝑟,
𝑁2

2
[|𝑥|−𝑎

+𝑎 +
𝑎

2𝑛𝜋
| 𝑆𝑖𝑛

2𝑛𝜋𝑥

𝑎
| −𝑎

+𝑎] = 1 

𝑂𝑟,
𝑁2

2
[{𝑎 − (−𝑎)} +

𝑎

2𝑛𝜋
(𝑆𝑖𝑛 2𝑛𝜋 + 𝑆𝑖𝑛 2𝑛𝜋)] = 1  

𝑂𝑟,
𝑁2

2
 [2𝑎 +

𝑎

2𝑛𝜋
(0 + 0)] = 1 

𝑂𝑟, 𝑁 = ±√
1

𝑎
  (𝐴𝑛𝑠. ) 

 Normalize the function 𝛹(𝑥) = 𝑁𝑆𝑖𝑛
𝑛𝜋𝑥

𝑎
 in the intervals (0 ≤ 𝑥 ≤ 𝑎) 

∫ 𝑁2
𝑎

0

𝑆𝑖𝑛2
𝑛𝜋𝑥

𝑎
𝑑𝑥 = 1 

𝑂𝑟,
𝑁2

2
∫ (1 − 𝐶𝑜𝑠

2𝑛𝜋𝑥

𝑎
)𝑑𝑥 = 1

𝑎

0

 

𝑂𝑟,
𝑁2

2
[|𝑥|0

𝑎 −
𝑎

2𝑛𝜋
| 𝑆𝑖𝑛

2𝑛𝜋𝑥

𝑎
| 0

𝑎] = 1 
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𝑂𝑟,
𝑁2

2
[𝑎 −

𝑎

2𝑛𝜋
𝑆𝑖𝑛2𝑛𝜋] = 1  

𝑂𝑟,
𝑁2

2
 [𝑎 − 0] = 1  (𝑠𝑖𝑛𝑐𝑒 𝑆𝑖𝑛2𝑛𝜋 = 0 𝑤ℎ𝑒𝑟𝑒 𝑛 = 0, ±1, ±2 𝑒𝑡𝑐) 

𝑂𝑟, 𝑁 = ±√
2

𝑎
  (𝐴𝑛𝑠. )  

 Normalize the function 𝑡𝑎𝑛𝑥 in the intervals (0 ≤ 𝑥 ≤
𝜋

4
) 

∫ 𝑁2

𝜋
4

0

𝑡𝑎𝑛2𝑥𝑑𝑥 = 1 

𝑂𝑟, 𝑁2 ∫ (𝑆𝑒𝑐2𝑥 − 1)𝑑𝑥 = 1

𝜋
4

0

   (𝑠𝑖𝑛𝑐𝑒 𝑆𝑒𝑐2𝜃 = 1 + 𝑡𝑎𝑛2𝜃) 

𝑂𝑟, 𝑁2 [|𝑡𝑎𝑛𝑥|0

𝜋
4 −| 𝑥|0

𝜋
4  ] = 1 

𝑂𝑟, 𝑁2 [(1 − 0) − (
𝜋

4
− 0)]  = 1 

𝑂𝑟, 𝑁2 (1 −
𝜋

4
) = 1  

𝑂𝑟, 𝑁 = ±
2

√4 − 𝜋
(𝐴𝑛𝑠. ) 

 Normalize the function 𝑒𝑖𝑚𝜙(𝑚 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟) defined in the intervals (0 ≤ 𝜙 ≤

2𝜋) 

 ∫ (𝑁𝛹). (𝑁𝛹∗
2𝜋

0

) 𝑑𝑥 = 1 

𝑶𝒓, 𝑁2 ∫ 𝑒𝑖𝑚𝜙. 𝑒−𝑖𝑚𝜙𝑑𝜙 = 1
2𝜋

0

 

𝑶𝒓, 𝑁2|𝜙|0
2𝜋 = 1  

𝑂𝑟, 𝑁 = ±√
1

2𝜋
 

 Normalize the function √𝑎2 − 𝑥2 in the interval (0 ≤ 𝑥 ≤ 𝑎) 

 𝑁𝟐 ∫ (𝑎2 − 𝑥2)𝑑𝑥 = 1
𝑎

𝟎

 

𝑂𝑟, 𝑁2 [𝑎2|𝑥|0
𝑎 − |

𝑥3

3
|0

𝑎] = 1 

𝑂𝑟, 𝑁2 (𝑎3 −
𝑎3

3
) = 1 

𝑂𝑟, 𝑁2. 𝑎3.
2

3
= 1 

𝑂𝑟, 𝑁 = ±√
3

2𝑎3
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 Operator:  
An operator is a rule for transforming of given function into another function. For 

example: 

𝑑
𝑑𝑥⁄  is an operator which convert function sin 𝑥 into cos 𝑥, 

𝑑

𝑑𝑥
(sin 𝑥) = cos 𝑥 

Properties of operator:  

i. The sum of two operators is given by,  

(𝐴̂ + 𝐵̂)𝑓(𝑥) = 𝐴̂𝑓(𝑥) + 𝐵̂𝑓(𝑥) 

ii. The product of two operators is given by, 

𝐴̂ 𝐵̂ 𝑓(𝑥) = 𝐴̂ [𝐵̂ 𝑓(𝑥)] 

 

But 𝐴̂ 𝐵̂ 𝑓(𝑥) will be either equal to 𝐵̂ 𝐴̂ 𝑓(𝑥) or not. When 𝐴̂ 𝐵̂ 𝑓(𝑥) = 𝐵̂ 𝐴̂ 𝑓(𝑥) 

then two operators are called commute to each other. When two operators are 

commute to each other then the corresponding commutator is given by as follows,  

[𝐴̂, 𝐵̂] = 0 

iii. The square of an operator is given by,  

𝐴̂2 𝑓(𝑥) = 𝐴̂ [𝐴̂ 𝑓(𝑥)] 

iv. An operator 𝐴̂ is called linear operator if  

𝐴̂ 𝐶 𝑓(𝑥) = 𝐶 𝐴̂ 𝑓(𝑥) 

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒,
𝑑

𝑑𝑥
 (2 sin 𝑥) = 2.

𝑑

𝑑𝑥
(sin 𝑥) = 2 cos 𝑥 

𝑆𝑜,
𝑑

𝑑𝑥
 𝑖𝑠 𝑎 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟.  

 Classify the following operators as linear or non linear— 

𝑑2

𝑑𝑥2
 , ( )2 , ∫( )𝑑𝑥 , 𝑒𝑥𝑝. , ( )

1
2, ( )∗  ,

𝑑

𝑑𝑥
 

 (𝑖)
𝑑2

𝑑𝑥2
[𝑐𝑓(𝑥)] = 𝑐

𝑑2

𝑑𝑥2
[𝑓(𝑥)] = 𝑐𝑓′′(𝑥), 𝑠𝑜 𝑖𝑡 𝑖𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

(𝒊𝒊)[𝑐𝑓(𝑥)]2  ≠ 𝑐[𝑓(𝑥)]2, 𝑠𝑜 ( )2 𝑜𝑟 𝑆𝑄𝑅 𝑖𝑠 𝑛𝑜𝑛 − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

(𝑖𝑖𝑖) ∫[𝑐𝑓(𝑥)]𝑑𝑥 = 𝑐 ∫ 𝑓(𝑥)𝑑𝑥, 𝑠𝑜 𝑖𝑡 𝑖𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

(𝑖𝑣) exp[𝑐𝑓(𝑥)] ≠ 𝑐 exp[𝑓(𝑥)] , 𝑠𝑜 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑛 − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

(𝑣)[𝑐𝑓(𝑥)]
1
2 ≠ 𝑐[𝑓(𝑥)]2, 𝑠𝑜 𝑆𝑄𝑅𝑇 𝑖𝑠 𝑛𝑜𝑛 − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

(𝑣𝑖) [𝑐𝑓(𝑥)]∗ ≠ 𝑐[𝑓(𝑥)]∗, 𝑠𝑜 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑛 − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

(𝑣𝑖𝑖)
𝑑

𝑑𝑥
[𝑐𝑓(𝑥)] = 𝑐

𝑑

𝑑𝑥
𝑓(𝑥), 𝑠𝑜 𝑖𝑡 𝑖𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 
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 Evaluate the result of the operator — 

(𝑖)
𝑑

𝑑𝑥
+ 𝑥 &  

(𝑖𝑖)
𝑑

𝑑𝑥
− 𝑥 , 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑜𝑛 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 (𝑥2 + 2𝑥 + 1) 

 (𝒊) (
𝑑

𝑑𝑥
+ 𝑥) (𝑥2 + 2𝑥 + 1) 

=
𝑑

𝑑𝑥
(𝑥2 + 2𝑥 + 1) + 𝑥(𝑥2 + 2𝑥 + 1) 

= (2𝑥 + 2) + 𝑥3 + 2𝑥2 + 𝑥 = 𝑥3 + 2𝑥𝟐 + 3𝑥 + 2 

(𝒊𝒊) (
𝑑

𝑑𝑥
− 𝑥) (𝑥2 + 2𝑥 + 1) 

=
𝑑

𝑑𝑥
(𝑥2 + 2𝑥 + 1) − 𝑥(𝑥2 + 2𝑥 + 1) 

= (2𝑥 + 2) − 𝑥3 − 2𝑥2 − 𝑥 = −(𝑥3 + 2𝑥𝟐 − 𝑥 − 2)  

    

 Evaluate the result of the operator— 

(𝑖) 𝑥2
𝑑2

𝑑𝑥2
  &  (𝑖𝑖)

𝑑2

𝑑𝑥2
𝑥2 , 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑜𝑛 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 (𝑥2 + 2𝑥 + 1) 

(𝑖) (𝑥2
𝑑2

𝑑𝑥2
) (𝑥2 + 2𝑥 + 1) 

= 𝑥2
𝑑

𝑑𝑥
(2𝑥 + 2) = 𝑥2 .2 = 2𝑥2 

(𝑖𝑖) (
𝑑2

𝑑𝑥2
𝑥2) (𝑥2 + 2𝑥 + 1) 

= (
𝑑2

𝑑𝑥2
) (𝑥4 + 2𝑥3 + 𝑥2 ) 

=
𝑑

𝑑𝑥
(4𝑥3 + 6𝑥2 + 2𝑥) 

= (12𝑥2 + 12𝑥 + 2) = 2(6𝑥2 + 6𝑥 + 1) 

 𝐺𝑖𝑣𝑒𝑛 𝐴 =
𝑑

𝑑𝑥
 &  𝐵 = 𝑥2, 𝑠ℎ𝑜𝑤  (𝑖)𝐴2𝑓(𝑥) ≠ [𝐴𝑓(𝑥)]2 & (𝑖𝑖) 𝐴𝐵 𝑓(𝑥) ≠ 𝐵𝐴𝑓(𝑥) 

 This can be proved as follows –  

(𝑖)𝐴2𝑓(𝑥) =
𝑑

𝑑𝑥
 
𝑑𝑓

𝑑𝑥
=

𝑑2𝑓

𝑑𝑥2
 

[𝐴𝑓(𝑥)]2 = (
𝑑𝑓

𝑑𝑥
)2 ≠

𝑑2𝑓

𝑑𝑥2  

(𝑖𝑖)𝐴𝐵 𝑓(𝑥) =
𝑑

𝑑𝑥
[𝑥2𝑓(𝑥)] = 2𝑥𝑓(𝑥) + 𝑥2

𝑑𝑓

𝑑𝑥
 

𝐵𝐴𝑓(𝑥) = 𝑥2
𝑑𝑓

𝑑𝑥
≠ 𝐴𝐵 𝑓(𝑥) 
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