Velocity and acceleration of a particle in cylindrical polar coordinates:
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In cylindrical polar coordinates the coordinates of a point P is represented by (0, @, Z) . The position

vector of P is given by

F=xi+yj+ 7k = PCOSdi + pSing | + zk

or
——is a vector in the direction of increasing p, so that a unit vector in this direction is given by
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~ orF |or

p=—o /= 2)
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a_r‘ =,/Cos’¢ +Sin’p =1.
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Now, a = Cos¢f+ Sin¢] and

5 p=COSPH +SiNGJ oovrorccerrsrcrenn(3)

Similarly, unit vectors in the direction of increasing ¢ and increasing Z are given by

&:ﬁ_r/ a and iza—r/ a respectively.
0¢ |09 oz |oz
r e = |or — ;
Now, — =—pSingi + pCos¢ | and %‘z\/(_psmw +(pCosg)? = p.
. =—SING +COSP ] oo (4)
And a—rle and 6_[’ =1.
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T =K e (5)
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Equations (3), (4) and (5) can be solved to get the expressions of unit vectors | ] lz in terms of

p,¢, Z and are given by,

| = COSPD — SINGP .o (6)
] =SiN@P + COSPH .coororeersen(7)
k=12
Now, O(ij 3’; ‘ilf (S|n¢|+Cos¢J) ff ((j;tﬁ ceeresrnrressensansensss s nns(8)
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dt dg dt = (—Cosgi - |n¢l) Pt (9)
And E_O ..................................... (10)

dt

Position vector of point P can be written as,

F=xi+Yyj+ zk
= pCos@(Cos@p — S|n¢¢) + pSm¢(Sm¢p+Cos¢¢) +2Z [Using equations (6),(7)]
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Velocity:
Velocity of any particle having the instantaneous position vector T is given by,

_dr _dp. dp dz,
V= L h+p—E4=23
a a” P T

dp . Ad¢j dz .
= prplo——|+—12
dt p[‘b dt

dp ~ dg - A
=—Lp+p—Lp+—1

i’ P
= PP+ PIP+27 o, (12)

Acceleration:

Acceleration of the particle is given by,
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_d’p . dpdp dpd¢¢; ¢¢; dgdé d’z,

dt? P dt dt dt dt t? dt dt dt2
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=Q/3+C:j_/t0£¢;d¢j Jdpdés 215& d¢( _¢] dz,

dt? dt dt dt d dt?
_|d%p (d¢f ~ [ d% dpd¢ dzA
_[dtz Plac) |17 dt P2 dt dt
=(P=p8)p+(PP+2pP) P+ 12 i (13)

Note: Any arbitrary vector A, in cylindrical polar coordinates can be written as

A=A p+APEAL i (18)

A

Where Ap, A¢, A, are the components of Aiin the directions of 0, @, Z respectively.

Now,

dA_dA, . dp ¢3 dA, . . d2
—=—p+A +—=2Z+ A —
a a’ v t¢ Yt dt AZdt

:di/% A, (¢ d¢j s ( %) dd%:z Z+A.0  [Using equations (8),(9),(10)]
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=|—2-A +| 2L+ Rl 2 15
(dt ¢dtjp [dt pdt}Ij dt )
—~ dr
If we put A=T and A =p,A,=0,A =12,ineq. (15), we get velocity V _E
Problem:

Aforce F is given in Cartesian coordinates as F = yBiA - XBj , Where B is a constant. Find the

component F¢in cylindrical polar coordinates.

Solution:

We have,



F = yBi — xBj
= BpSin¢(Cos¢/3— Sin¢¢3)— BpC03¢(Sin¢/3+Cos¢¢3)

Problem:
A particle of charge 0 and mass M moves in a uniform magnetic field B = B and an electric field

— a -~
E =— p, where the constants @ and B may be either positive or negative. Set up the equation

gB

of motion in cylindrical polar coordinates and show that mp2¢3 + 2—p2 is a constant of motion.
c

Assume that the force due to electric field is qE and that due to magnetic field is E(V X |§) .
c

Solution:

Equation of motion of the particle is given by,

mé=ﬁ=q|§+%(\7x§)

In cylindrical polar coordinates, velocity and acceleration are given by,

V=pp+pig+22.8=(p-pdt) p+(pf+209)g+ 12
(5= pd*)p+(pi+209)d+22 ] =ap+-| (50 + pid) 1
=== pBg+ pgB)
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The equations of motion are given by,

m(p-p4°) -

m(pd+2p4) =12

mZ =0



Multiplying the second equation by p, we have

m(p°¢+2pp4)= —@

d 2; OB 2)
Oor,—| mp“¢g+— =0
dt( a 2c'0

qB

2—,02 =a constant of motion.
c
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