
Normal Distribution 

A continuous random variable x is said to have a normal distribution with parameters µ(-

∞<µ<∞) and σ(>0) if its probability distribution function is given by  

  f(x)=
1

𝜎√2𝜋
𝑒

−(𝑥−𝜇)2

2𝜎2    , -∞< x <∞.  

In this case, we say x is a normal variate with parameters µ and σ and is denoted by 𝑥~𝑁 (𝜇, 𝜎). 

Observe that  

i. 𝑓(𝑥) ≥ 0 ∀ 𝑥 

ii. ∫ 𝑓(𝑥) 𝑑𝑥
∞

−∞
  = ∫ 𝑓(𝑥) 𝑑𝑥

𝜇

−∞
 + ∫ 𝑓(𝑥) 𝑑𝑥

∞

𝜇
 

              = lim
𝐵1→∞

∫
1

𝜎√2𝜋
𝑒

−(𝑥−𝜇)2

2𝜎2𝜇

−𝐵1
 𝑑𝑥  

+ lim
𝐵2→∞

∫
1

𝜎√2𝜋
𝑒

−(𝑥−𝜇)2

2𝜎2𝐵2

𝜇
 𝑑𝑥 

             = 1 

So, this is a valid probability distribution. 

 

Distribution Function 

𝐹(𝑥) = 𝑃(𝑥 ≤ 𝑥) = ∫ 𝑓(𝑡) 𝑑𝑡 =
1

𝜎√2𝜋
 ∫ 𝑒

−(𝑡−𝜇)2

2𝜎2

𝑥

−∞

𝑥

−∞

 𝑑𝑡 

Theorem 1: If x is a normal variate with parameters µ and σ then 

i. Mean = E(x) = µ 

ii. Var(x) = 𝜎2 

 

f(x)=
1

𝜎√2𝜋
𝑒

−(𝑥−𝜇)2

2𝜎2    , -∞< x <∞.  

Mean = E(x) = ∫ 𝑥𝑓(𝑥) 𝑑𝑥
∞

−∞
 

     = ∫ (𝑥 − 𝜇)𝑓(𝑥) 𝑑𝑥
∞

−∞
+  𝜇 ∫ 𝑓(𝑥) 𝑑𝑥

∞

−∞
 

     = 
1

𝜎√2𝜋
∫ (𝑥 − 𝜇)𝑒(𝑥−𝜇)2/2𝑑2

  𝑑𝑥
∞

−∞
+ 𝜇 [∫ 𝑓(𝑥) 𝑑𝑥 = 1

∞

−∞
] 

Now, ∫ (𝑥 − 𝜇)𝑒
−

(𝑥−𝜇)2

2𝜎2  𝑑𝑥 
∞

−∞
    

= lim
𝐵1→∞
𝐵2→∞

 ∫ (𝑥 − 𝜇)𝑒
−

(𝑥−𝜇)2

2𝜎2  𝑑𝑥
𝐵2

−𝐵1
   [ Let 𝑧 = (𝑥 − 𝜇)2 ] 

= lim
𝐵1→∞
𝐵1→∞

 
1

2
∫

𝑒−𝑧

2𝜎2  𝑑𝑧
(𝐵2−µ)2

(𝐵1+µ)2     [ => (𝑥 − 𝜇)𝑑𝑥 =
1

2
 𝑑𝑧  ] 



= lim
B1→∞
𝐵2→∞

1

2
[−2𝜎2𝑒

−(
𝑧

2𝜎2)
]

(𝐵1+µ)2

(𝐵2−µ)2

    

= lim
𝐵1→∞
𝐵2→∞

𝜎2 [𝑒
−

(𝐵1+𝜇)2

2𝜎2 − 𝑒
−

(𝐵2−𝜇)2

2𝜎2 ] = 0 

∴ Mean = E(X) = µ 

 

Var(X) = 𝐸{(𝑋 − µ)2} 

 = 
1

𝜎√2𝜋
∫ (𝑥 − µ)2𝑒−(𝑥−µ)2/2𝜎2

 𝑑𝑥
∞

−∞
 

 = 
1

𝜎√2𝜋
∫ (𝑥 − µ)2𝑒

−
(𝑥−µ)2

2𝜎2 𝑑𝑥

𝜎√2

µ

−∞
+

1

√𝜋
lim

𝐵1→∞
∫ (𝑥 − µ)2𝑒

−
(𝑥−µ)2

2𝜎2 𝑑𝑥

𝜎√2

µ

−𝐵1
 

 = 
1

√𝜋
lim

𝐵1→∞
 ∫ −2𝜎2𝑢2𝑒−𝑢2

𝑑𝑢 +
1

√𝜋
lim

𝐵2→∞
∫ 2𝜎2𝜐2𝑒−𝜐2

 𝑑𝜐

𝐵2−µ

𝜎√2

0

0
𝐵1+µ

𝜎√2
 

  

        [𝑢 = − (
𝑥−µ

𝜎√2
) , 𝜐 =

𝑥−µ

𝜎√2
 ] 

 = 
2𝜎2

√𝜋
lim

𝐵1→∞
∫ 𝑢2𝑒𝑢2

𝑑𝑢 +
2𝜎2

√𝜋
lim

𝐵→∞
∫ 2𝑢2𝑒−𝑢2

 𝑑𝑢
𝐵

0

𝐵1+µ

𝜎√2

0
  

 = 
4𝜎2

√𝜋
∫ 𝑢2𝑒−𝑢2

 𝑑𝑢 +
2𝜎2

√𝜋
lim

𝐵2→∞
∫ 𝜐2𝑒−𝜐2

 𝑑𝜐

𝐵2−µ

𝜎√2

0

∞

0
 

 =
2𝜎2

√𝜋
∫ 𝑢2𝑒−𝑢2

 𝑑𝑢 =
2𝜎2

√𝜋
lim

𝐵→∞
∫ 2𝑢2𝑒−𝑢2

𝑑𝑢
𝐵

0

∞

0
 

 = 
2𝜎2

√𝜋
lim

𝐵→∞
∫ 𝑒−𝑧𝑧

1

2 𝑑𝑧
𝐵2

0
  [𝑢2 = 𝑧    => 2𝑢𝑑𝑦 = 𝑑𝑧     => 𝑢 = 𝑧

1

2] 

 = 
2𝜎2

√𝜋
∫ 𝑒−𝑧𝑧

3

2
−1 𝑑𝑧 =

2𝜎2

√𝜋
𝛤 (

3

2
)  =

2𝜎2

√𝜋
𝛤 (

1

2
) 

∞

0
  [∵𝛤(𝑛 + 1) = 𝑛𝛤(𝑛)] 

    = 
𝜎2

√𝜋
× √𝜋 = 𝜎2 

 ∴ S.D of X = σ 

 

  



Normal Probability Curve or Normal Curve 

The graph of the probability density function of a normal variate is called normal probability 

curve or normal curve. So, the normal probability curve with mean 𝜇 and variance 𝜎2 is given by 

 𝑓(𝑥) =
1

𝜎√2𝜋
𝑒

−
(𝑥−𝑢)2

2𝜎2 , −∞ < 𝑥 < ∞ 

i) The curve is bell shaped and symmetrical about the highest ordinate, i.e., about the 

line 𝑥 = µ. 

ii) The maximum probability occurs around the point 𝑥 = µ. 

iii) Since 𝑓(𝑥) ≥ 0, it can never be negative and hence no portion of the curve lies below 

x-axis. 

iv) x-axis is an asymptote to this curve. 

v) Area property: If A and B are any 2 points on the x-axis, the shaded area, ABCD, 

bounded by the curve, the ordinate at A and B and the x-axis is equal to the 

probability that x lies between A and B. 

Theorem 2: If a continuous random variable X has normal distribution with parameters 𝜇 and 𝜎, 

then the random variable 𝑍 = 
𝑋−𝜇

𝜎
 has standard normal distribution. 

X~N (𝜇, 𝜎 ) and 𝑍 =
𝑋−𝜇

𝜎
 => 𝑋 = 𝜇 + 𝜎𝑍 

Now, 𝐹(𝑧) = 𝑃(𝑍 ≤ 𝑧) = 𝑃 (
𝑋−µ

𝜎
≤ 𝑧) = 𝑃(𝑋 ≤ 𝜇 + 𝜎𝑍) 

∴F(z) = ∫
1

𝜎√2𝜋
 𝑒

−
(𝑥−𝜇)2

2𝜎2  𝑑𝑥
𝑢+𝜎𝑧

−∞
 

 =
1

𝜎√2𝜋
lim

𝐵→∞
∫  𝑒

−
(𝑥−𝜇)2

2𝜎2  𝑑𝑥
𝜇+𝜎𝑧

−𝐵
 

 = 
1

√2𝜋
lim

𝐵→∞
∫ 𝑒−(

𝑡2

2
) 𝑑𝑡                  [𝑡 =

𝑥−𝜇

𝜎
]

𝑧−𝐵

−(
𝐵+𝜇

𝜎
)

 

 =
1

√2𝜋
∫ 𝑒−(

𝑡2

2
) 𝑑𝑡 

𝑧

−∞
 

f(z) = 
𝑑𝐹

𝑑𝑧
=

1

√2𝜋
𝑒

−(
𝑧2

2
)

,   − ∞ < 𝑧 < ∞ 

Hence, z~ N (0,1). 

  



1. X is a normal variate with mean 30 and variance 25. Find  

i. P (26 ≤ X ≤ 40),  

ii. P (X<35) 

iii. P (X ≥ 45), and 

iv. P (|x-30| > 5) 

 

X~N (𝜇, 𝜎), 𝜇 = 30,      𝜎2 = 25     =>  𝜎 = 5 

𝑍 =
𝑋 − 𝜇

𝜎
=

𝑋 − 30

5
 ∴ 𝑍~𝑁(0,1) 

i. X=26 =>𝑍 =
26−30

5
= −0.8 

X=40 =>Z=
40−30

5
= 2 

∴𝑃(26 ≤ 𝑋 ≤ 40) = 𝑃(−0.8 ≤ 𝑍 ≤ 2) 

=𝑃(−0.8 ≤ 𝑍 ≤ 0) + 𝑃(0 < 𝑍 ≤ 2) 

=𝑃(0 ≤ 𝑍 ≤ 0.8) + 𝑃(0 < 𝑍 ≤ 2) 

= 0.2881 + 0.4772  = 0.7653 

 

ii. P(X<35) = P(Z<1) 

 =𝑃(∞ < 𝑍 ≤ 0) + 𝑃(0 < 𝑍 < 1) 

 = 0.5+0.3413 

 =0.8413 

 

iii. 𝑃(𝑋 ≥ 45) = 𝑃(𝑍 ≥ 3) 

 = 𝑃(0 ≤ 𝑍 < ∞) − 𝑃(0 ≤ 𝑍 ≤ 3)  

 = 0.5 – 0.49865 

 = 0.00135 

 

iv. P (|x-30| > 5)  

= 1 − 𝑃(|𝑥 − 30| ≤ 5) 

= 1 − 𝑃(−5 ≤ 𝑥 − 30 ≤ 5) 

=1 − 𝑃(25 ≤ 𝑥 ≤ 35)  

=1 − 𝑃(−1 ≤ 𝑍 ≤ 1) 

= 1 − 2𝑃(0 ≤ 𝑍 ≤ 1)  

= 1 − 2 × 0.3413 = 1 − 0.6826 = 0.3174 

 

  



Normal Approximation to Binomial Distribution 

Theorem: Let the random variable X follows binomial distribution with probability mass 

function 

 𝑃(𝑋 = 𝑖) =  𝐶𝑖
𝑛𝑝𝑖(1 − 𝑝)𝑛−𝑖 , 𝑖 = 0, 1, 2, … , 𝑛 

where n and p are parameters. 

If 𝑛 → ∞ and p is not very small but of moderate magnitude, then the distribution of the random 

variable 

i. X approaches to 𝑁(𝑛𝑝, √𝑛𝑝(1 − 𝑝)). 

ii. 𝑍 =
𝑥−𝑛𝑝

√𝑛𝑝(1−𝑝)
 approaches to N (0, 1). 

 

 

1. If fair coin is tossed 400 times. Using normal approximation to binomial distribution find the 

probability of obtaining  i) exactly 200 heads, ii) between 190 and 210 heads, both 

inclusive. Given that the area under standard normal curve between z=0 and z=0.05 is 0.0199 

and between z=0 and z=1.05 is 0.3531. 

 

Since n is large, we suppose that X is an approximately normal variate with parameters:  

  𝜇 = 𝑛𝑝 = 400 ×
1

2
= 200 

  𝜎 = √𝑛𝑝(1 − 𝑝) = √400 ×
1

2
×

1

2
= 10  

So, 𝑍 =
𝑥−𝜇

𝜎
=

𝑋−200

10
 is approximately standard normal variate. 

i) When 𝑋 = 199.5, 𝑍 =
199.5−200

10
=  −0.05 

When X = 200.5, Z=0.05 

∴𝑃(𝑋 = 200) = 𝑃(199.5 ≤ 𝑋 ≤ 200.5) 

   =𝑃(−0.05 ≤ 𝑍 ≤ 0.05) 

   =2×0.199  =0.0398 

 

ii) When X=189.5, 𝑍 =
189.5−200

10
= −1.05 

When X=210.5, Z=1.05 

𝑃(190 ≤ 𝑋 ≤ 210) = 𝑃(189.5 ≤ 𝑋 ≤ 210.5) 

    =𝑃(−1.05 ≤ 𝑍 ≤ 1.05) 

    =2 × 𝑃(0 ≤ 𝑍 ≤ 1.05) 

    = 2 × 0.3531 =0.7062 

 

  



1. If X follows a normal distribution with mean 12 and variance 16, find 𝑃(𝑋 ≥ 20) 

   [Given: ∫
1

√2𝜋
𝑒

−(
𝑡2

2
)
 𝑑𝑡 

2

−∞
= 0.977725] 

X=20, 𝑍 =
20−12

4
= 2 

∴𝑃(𝑋 ≥ 20) = 𝑃(𝑍 ≥ 2) 

   =1 − 𝑃(𝑍 < 2) 

   = 1 − ∫
1

√2𝜋
𝑒−

𝑡2

2  𝑑𝑡
2

−∞
 

   = 1 − 0.977725     = 0.022275 

 

 

2. If X is normally distributed with zero mean and unit variance find the expectation of 𝑥2. 

 

E(X)=0, Var(X) = 1 

 𝐸(𝑋2) − {𝐸(𝑋)}2 = 1 

 𝐸(𝑋2) = 1 

 

3. If X is normally distributed with mean 3 and s.d 2, find c such that   

𝑃(𝑋 > 𝐶) = 2𝑃(𝑋 ≤ 𝐶). Given that,  

∫ Ø(𝑡)𝑑𝑡
0.43

−∞

= 0.6666 

𝑍 =
𝑋−𝜇

𝜎
=

𝑋−3

2
  X=C   => 𝑍 =

𝐶−3

2
 

∴ 𝑃(𝑋 > 𝐶) = 𝑃 (𝑍 >
𝐶 − 3

2
) 

   =1 − 𝑃 (𝑍 ≤
𝐶−3

2
) 

   = 1 − ∫ Ø(𝑡) 𝑑𝑡
𝐶−3

2
−∞

 

𝑃(𝑋 ≤ 𝐶) = 𝑃 (𝑍 ≤
𝐶 − 3

2
) 

   = ∫ Ø(𝑡)𝑑𝑡 
𝐶−3

2
−∞

 

Given: 𝑃(𝑋 > 𝐶) = 2𝑃(𝑋 ≤ 𝐶) 

 1 − ∫ Ø(𝑡) = 
𝐶−3

2
−∞

2 × ∫ Ø(𝑡) 𝑑𝑡
𝐶−3

2
−∞

 

 ∫ Ø(𝑡) 𝑑𝑡 =
1

3

𝐶−3

2
−∞

 ------ (1) 

 Given: 𝑃(𝑍 ≤ 0.43) =  ∫ Ø(𝑡) 𝑑𝑡 
0.43

−∞
= 0.6666 

 ∴𝑃(−0.43 ≤ 𝑍 ≤  0 = 𝑃(0 ≤ 𝑍 ≤ 0.43 

     =
2

3
−

1

2
=

1

6
 

 ∴𝑃(𝑍 ≤  −0.43) =  ∫ Ø(𝑡) 𝑑𝑡
−0.43

−∞
=

1

2
−

1

6
=

1

3
 ------(2) 

 Comparing (1) & (2), we get,  

  
𝐶−3

2
= −0.43  

 C = 3 – 0.86 = 2.14 (Ans) 



4. If a random variable X follows normal distribution such that 

𝑃(9.6 ≤ 𝑋 ≤ 13.8) = 0.7008 and 

𝑃(𝑋 ≥ 9.6 = 0.8159, where 

∫
1

√2𝜋
𝑒

−(
𝑡2

2
)
 𝑑𝑡  = 0.8849

0.9

−∞

 

Find the mean and variance of X. 

 

𝑋~𝑁(𝜇, 𝜎),    𝑍 =
𝑋 − 𝜇

𝜎
~𝑁(0,1) 

𝑃(𝑍 ≤ 0.9) = 0.8159 

𝑃(𝑍 ≤  −0.9) = 𝑃(𝑍 ≥ 0.9) 

    = 1 − 𝑃(𝑍 ≤ 0.9) 

    = 1 − 0.8159 

    = 0.1841 

∴𝑃(−0.9 ≤ 𝑍 ≤ 1.2) = 𝑃(𝑍 ≤ 1.2) − 𝑃(𝑍 ≤  −0.9) 

     = 0.8849 – 0.1841 = 0.7008  

 𝑃 (−0.9 ≤
𝑋−𝜇

𝜎
 ≤ 1.2) = 0.7008  ---- (1) 

 Given: 𝑃(9.6 ≤ 𝑋 ≤ 13.8) = 0.8008 

 𝑃 (
9.6−𝜇

𝜎
 ≤

𝑋−𝜇

𝜎
 ≤

13.8−𝜇

𝜎
 )  =  0.7008  ------ (2)  

Comparing (1) & (2), we get, 

9.6 − 𝜇

𝜎
=  −0.9,     

13.8 −  𝜇

𝜎
= 1.2 

 𝜎 = 2,    𝜇 = 11.4  

 ∴ Mean = 11.4, 𝑉𝑎𝑟(𝑋) = 22 = 4 

 

5. The length of bolds produced by a machine is normally distributed with mean 4 and S.D 

0.5. A bolt is defective if its length does not lie in the interval (3.8, 4.3). find the 

percentage of defective boults produced by the machine. 

 

[    
1

√2𝜋
∫ 𝑒

−(
𝑡2

2
)
 𝑑𝑡 

0.6

−∞

= 0.7257,  

       
1

√2𝜋
∫ 𝑒

−(
𝑡2

2
)
 𝑑𝑡 

0.4

−∞
= 0.6554     ] 

 

𝑋~𝑁(𝜇, 𝜎),   𝜇 = 4,    𝜎 = 0.5  

𝑍~𝑁(0,1),    𝑍 =
𝑋 − 𝜇

𝜎
 

When X=3.8, 𝑍 =
3.8−4

0.5
=  −0.4  

When X=4.3, 𝑍 =
4.3−4

0.5
= 0.6 

∴  𝑃(3.8 <  𝑋 <  4.3) =  𝑃(−0.4 < 𝑍 < 0.6) = 𝑃(𝑍 ≤ 0.6) − 𝑃(𝑍 ≤  −0.4 ) 

 𝑃(𝑍 ≤ −0.4) = 𝑃(𝑍 > 0.4) 

    = 1 − 𝑃(𝑍 ≤ 0.4) 

    = 1 − 0.6554 = 0.3446 



∴ 𝑃(3.8 < 𝑋 < 4.3) = 0.7257 − 0.3446 = 0.3811 

∴ Percentage of non-defective bolt = (100 – 38) % 

       = 62% (nearly) 

 

 

6.  The marks obtained by 1000 students to a final examination are found to be 

approximately normally distributed with mean 70 and standard deviation 5. Estimate 

the number of students whose marks will be between 60 and 75 both inclusive. Given 

that area under the normal curve  

 Φ(z) =
1

√2π
exp (

−z2

2
) between z=0 and z=2 is 0.4772 and between z-=0 and z=1 is 

0.3413. 

 

  When x=60,  z =
60−70

5
= −2 

      When x=75, z =
75−70

5
= 1 

      ∴ P(60 ≤ x ≤ 75) = P(−2 ≤ x ≤ 1) 

   = P(−2 ≤ x ≤ 0) + P(0 ≤ x ≤ 1) 

   = P(0 ≤ x ≤ 2) + P(0 < +x < +1) 

   = 0.4772 + 0.3413 

   = 0.8185 

   ∴ Number of required students = 0.8185 × 1000 

             = 818 (nearly) 

 

7. In a normal distribution 31% of the items are under 45 and 8% are above 64. Find the 

mean and standard deviation. [ Given: P(0 < z < 1.405) = 0.42 , P(−0.496 < z < 0) =

0.19 ] 

 𝑃(𝑥 < 45) =
31

100
= 0.31 

      𝑃(𝑥 > 64) =
8

100
= 0.08 

      When x=45, 𝑧 = 45 − μσ 

      When x=64, 𝑧 =
64−𝜇

𝜎
 

 ∴ 𝑃 (𝑧 <
45−𝜇

𝜎
) = 0.31 

 

45 − 𝜇

𝜎
 𝑖𝑠 𝑜𝑛 𝑛𝑒𝑔𝑒𝑡𝑖𝑣𝑒 𝑠𝑖𝑑𝑒 𝑎𝑠 0.31 < 0.5 . 

∴ 𝑃 (
45 − 𝜇

𝜎
< 𝑧 < 0) = 0.5 − 0.31 

         = 0.19  ------- (1) 

 Given, 𝑃(−0.496 < 𝑧 < 0) = 0.19 -------(2) 

 Comparing 1 and 2, we get  

                       
64−𝜇

𝜎
= −0.496           ------- (3) 

 𝑃 ( z >
64−𝜇

𝜎
) = 0.08 

64 − 𝜇

𝜎
 𝑖𝑠 𝑜𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑠𝑖𝑑𝑒 𝑎𝑠 0.08 < 0.5  

∴ 𝑃 (0 < 𝑧 <
64 − 𝜇

𝜎
) = 0.5 − 0.08 



               = 0.42  -------4 

Given, 𝑃(0 < 𝑧 < 1.405) = 0.42       -------5 

Comparing 4 and 5, we get, 

 
64−𝜇

𝜎
= 1.405           -------6 



 


