Normal Distribution

A continuous random variable x is said to have a normal distribution with parameters p(-
co<pu<oo) and o(>0) if its probability distribution function is given by
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In this case, we say x is a normal variate with parameters p and ¢ and is denoted by x~N (u, o).

Observe that
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So, this is a valid probability distribution.

Distribution Function
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Theorem 1: If x is a normal variate with parameters p and o then

i. Mean =E(x) =
ii. Var(x) = o2
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Normal Probability Curve or Normal Curve

The graph of the probability density function of a normal variate is called normal probability
curve or normal curve. So, the normal probability curve with mean p and variance ¢ is given by

_x-w?
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i) The curve is bell shaped and symmetrlcal about the highest ordinate, i.e., about the
line x = .
ii) The maximum probability occurs around the point x = p.
iii) Since f(x) = 0, it can never be negative and hence no portion of the curve lies below
X-axis.
iv) x-axis is an asymptote to this curve.

V) Area property: If A and B are any 2 points on the x-axis, the shaded area, ABCD,
bounded by the curve, the ordinate at A and B and the x-axis is equal to the
probability that x lies between A and B.

Theorem 2: If a continuous random variable X has normal distribution with parameters y and o,

then the random variable Z = % has standard normal distribution.
X-u
X~N (u,0)and Z =— =>X=u+oz

Now,F(z):P(ZsZ)=P(%SZ)=P(X <u+a2)
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Hence, z~ N (0,1).



1. Xis anormal variate with mean 30 and variance 25. Find
i. P (26 =<X=<40),
ii. P (X<35)
iii. P (X =45),and
iv. P (|x-30|>5)

X~N(u,0),u=30, 02=25 =>0=5
X—p X-30

7= « Z~N(0,1)
o 5
i, X=26 =>Z= 26;30 - 08
X=40 =>7=22"30_ -

~P(26 <X <40)=P(-08 <Z <2)
=P(—-08 <Z <0)+P(0<Z <2)
=P(0 <Z <08)+P(0<Z <£2)
=0.2881 + 04772 =0.7653
ii.  P(X<35)=P(Z<1)
=P(o<Z <0)+P(0<Z<1)
=0.5+0.3413
=0.8413

iii. P(X =45)=P(Z =3)
=P(0 <Z<®)—P0 <Z <3)
= 0.5 - 0.49865
=0.00135

iv. P (|x-30| > 5)
=1-P(|x—30|<5)
=1-P(-5 <x—30 <5)
=1-P(25 <x <35)
=1-P(-1<Z <1)
=1-2P(0 £Z <1)
=1-2x%x0.3413=1-0.6826 =0.3174



1.

Normal Approximation to Binomial Distribution

Theorem: Let the random variable X follows binomial distribution with probability mass

function
PX=0i=C'p'(1-p)*,i=012,..,n
where n and p are parameters.

If n - oo and p is not very small but of moderate magnitude, then the distribution of the random
variable

i X approaches to N(np, Jnp(1l— )
Z =

ii. W approaches to N (0, 1).

If fair coin is tossed 400 times. Using normal approximation to binomial distribution find the
probability of obtaining i) exactly 200 heads, ii) between 190 and 210 heads, both
inclusive. Given that the area under standard normal curve between z=0 and z=0.05 is 0.0199
and between z=0 and z=1.05 is 0.3531.

Since n is large, we suppose that X is an approximately normal variate with parameters:
i =np =400 X 3 = 200

= /np(1—p) = /400><§x§=10

-4 X-200, . .
So,Z ="E = 5 is approximately standard normal variate.

o 1
i)  WhenX =1995, z=2222%_ _g05

When X = 200.5, Z=0.05

~P(X =200) = P(199.5 <X < 200.5)
=P(-0.05 < Z < 0.05)
=2x0.199  =0.0398

ii) WhenX=189.5, Z = %{;20" = —1.05

When X=210.5, Z=1.05

P(190 <X <210) =P(189.5 <X <210.5)
=P(-1.05 <£Z <1.05)
=2XxP(0 <Z <£1.05)
=2x0.3531 =0.7062



1. IfX follows a normal distribution with mean 12 and variance 16, find P(X = 20)
tZ

[Given: f_zw%e_@ dt = 0.977725]
20—-12

X=20, Z = i 2
“P(X 220)=P(Z =2)
—1-P(Z<2)
2 1 —ﬁ
=1- f_mﬁe 2 dt

=1-0.977725 = 0.022275

2. IfXis normally distributed with zero mean and unit variance find the expectation of x2.

E(X)=0, Var(X)=1
>EX?) —-{EX)}* =1
2E(X?) =1

3. IfXis normally distributed with mean 3 and s.d 2, find c such that

P(X > C) = 2P(X < (). Given that,
0.43
@(t)dt = 0.6666

P(X SC)=P(Z s%g)

Cc-3
— [ 2 B(t)dt
Given: P(X > C) = 2P(X < ()

C-3 C-3
21— [20t)=2x[2 @(@)dt

wfff@(t) A — 1)

3

0.43

Given: P(Z < 0.43) = [=°@(t) dt = 0.6666

“P(—043 <Z < 0=P(0 <Z <043

_2_1_1
3 2 6
fP(Z < —043) = [)PPOdt=5-2=2 )

Comparing (1) & (2), we get,
3= 043
2

©C=3-0.86=2.14 (Ans)



4,

5.

If a random variable X follows normal distribution such that
P(9.6 <X <13.8) =0.7008 and
P(X =29.6 =0.8159, where
0.9 _(ﬁ)
f ——e \2/dt =0.8849
—00 21

Find the mean and variance of X.

X~N(,0), Z=""EN(0,1)

P(Z <0.9) = 0.8159
P(Z < —0.9)=P(Z >0.9)
=1-P(Z <09)
=1-08159
=0.1841
“P(=09 <Z <12)=P(Z <12)—P(Z < —0.9)
= 0.8849 - 0.1841 = 0.7008

2P (=09 <TF <12)=07008 - (1)

Given: P(9.6 <X < 13.8) = 0.8008

op (28 < X8 < B8R 2 07008 e (2)

g g
Comparing (1) & (2), we get,
9.6 — 13.8 —
Ko o9 =227 H_1o
o o

20=2, u=114

~» Mean = 11.4, Var(X) =22 =4

The length of bolds produced by a machine is normally distributed with mean 4 and S.D
0.5. A bolt is defective if its length does not lie in the interval (3.8, 4.3). find the
percentage of defective boults produced by the machine.

t2

if% %) 4t = 0.7257
L &)L e = 07257,

1 0.4 —(£>
\/T_nf_ooe 2 dt = 06554 ]
X~N(u,0), u=4, =05
X—u
Z~N©O1), Z=—
When X=3.8, Z = 3';’;4 = —04
WhenX=4.3, Z=23%*_056

0.5
~ P(38 < X <43)=P(-04<Z<06)=P(Z <0.6)—P(Z < —04)
P(Z <—0.4)=P(Z > 0.4)
=1-P(Z <04)
=1-0.6554 = 0.3446



~ P(3.8<X<43)=0.7257 - 0.3446 = 0.3811

=~ Percentage of non-defective bolt = (100 - 38) %
= 62% (nearly)

6. The marks obtained by 1000 students to a final examination are found to be
approximately normally distributed with mean 70 and standard deviation 5. Estimate
the number of students whose marks will be between 60 and 75 both inclusive. Given

that area under the normal curve
.2
D(z) = % exp (TZ) between z=0 and z=2 is 0.4772 and between z-=0 and z=1 is

o
0.3413.

When x=60, z = 60;70 = -2
Whenx=75,z = 22 — 1

~P60<x<75)=P(-2<x<1)
=P(-2<x<0)+P(0<x<1)
=P0<x<2)+P(0<+x<+1)
=0.4772+ 0.3413
= (0.8185
~ Number of required students = 0.8185 x 1000
= 818 (nearly)

7. In anormal distribution 31% of the items are under 45 and 8% are above 64. Find the
mean and standard deviation. [ Given: P(0 < z < 1.405) = 0.42, P(—0.496 <z < 0) =

0.19]

P(x < 45) = 13710 =0.31

P(x > 64) = — = 0.08

100 o
When x=45,z = 45 — uo

When x=64, z = 6427_” _

“P (z < 4%‘") =031

45 —u

is on negetive side as 0.31 < 0.5.

45 —u
P( - <z<0>=0.5—0.31

=019 - (D
Given, P(—0.496 <z < 0) =0.19  ------- 2
Comparing 1 and 2, we get
CE = 0496 e 3)
64—p\
P(z>2H) =008
64— . L
is on positive side as 0.08 < 0.5
64 —u
-'-P(0<z< >=0.5—0.08



=042 @ - 4
Given, P(0 < z < 1.405) = 0.42  ---—----
Comparing 4 and 5, we get,

Al Y1 |- J— 6
g
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Cumulative Standardized Normal Distribution

A(z) is the integral of the standardized normal
distribution from — = to z (in other words, the
area under the curve to the left of z). [t gives the
probability of a normal random variable not
being more than = standard deviations above its
mean. Values of 2 of particular importance:

2 A=)
1.645 09500  Lower limit of rght 5% tail
1960 09780  Lower limit of right 2.5% tail
2326 09900  Lower limit of right 1% 1ail
25% 09950  Lower limit of right 0.3% tail
3090 09990 Lower linit of right 0.1 % tail
32001 09995 Lower limit of right 0.05% tail
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